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under the condition that the constants 6,, Q, o satisfy the relation (2,2) in [9], Setting
up the matrix K, we can show that for the solutions 8, = U, n the system in the first
approximation is uncontroliable by the ignorable momenta ps and ps, while for the
solution 8 == 0, = is controllable, The steady-state motion, for which 8, = 0, is stable
if condition (2, 8) in [9] is fulfilled, Such a stable motion can be stabilized up to asymp-
totic stability by forces of form (22) and minimize an integral of form (25).
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We pose the problem of stabilization with respect to position coordinates and
velocities of the steady-state motions of holonomic mechanical systems by
means of forces acting only on the ignorable coordinates, The problem is
reduced to the stabilization of the trivial solution of a certain system of dif-
ferential equations, in which pertusbations of the ignorable momenta are trea-
ted as the controls, As an example we examine the asymptotic stabilization
of the relative equilibrium positions of a gyrostat satellite in a circular orbit,

1, We consider a holonomic scleronomous mechanical system with # degrees of
freedom, Let g, be the generalized coordinates, ¢, , p, (r == 1,.... 1) be the gene-
ralized velocities and momenta, " and I[ be the kinetic and potential energies, res-
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pectively, H = T + II be the Hamiltonian function, We assume that besides the
potential forces defined by potential [I, nonpotential forces (), (r = 1, ..., n) also
act on the system, We assume that ¢, (¢ = m + 1, ..., n) are ignorable coordinates,
i,e., dH / dq, = 0, and that Q; = 0 (i = 1, ..., m). Everywhere subsequently the
subscripts a and { range over the values indicated above, The Hamiltonian function
has the form [1] . n

H= H(Qiy Pi pa) = 5 2 Crs (QD veey Qm)prp. + H(QH very Qm)

r, 8=1

Therefore, the system’'s equations of motion are written as

m m
7 ,
Z=2cwu@h+ 2 cul@pa (1.1)
k=1 ae=m+1
dp; 1 - 9, () all(q) ¢@p
7 2 azi PePs — 34, 7“‘1':—:Qa

r, s=1

If @y = 0, the system is found under the action only of the potential forces and can
accomplish steady-state motions in which the position coordinates and the ignorable
momenta ¢; and p, remain constant, while the ignorable coordinates vary linearly with
time,

Suppose that there exists the steady-state motion q; == ¢;°, P; = p;°, Pa = Cq.
We pose the problem of determining generalized forces ¢/, in such a way that this mo-
tion would be asymptotically stable relative to a part of the variables g¢; and p; [2].
Without loss of generality we can assume that ¢;° = 0. The position momenta p;° are
determined from the system of equations (1,1) in which ¢; = 0, p, = c¢,. Let us ap-
ply small initial perturbations to the system, Retaining for the values ¢; in the perturbed
motion the previous notation and letting £, and 1, denote, respectively, the perturbations
of the position and the ignorable momenta, p; = p;° + &;, po = Cq + Nq, after
substituting ¢ and p into (1,1) we obtain the equations of perturbed motion

7T =Uiebn= 2@+ + 3 cul@ et
k=1 a=m-+41
&, 1 < k(q)
G =Vig L n=——5 (P + &) (B + &) —
i k=1
a(q) o Bcgs (@)
2.! 2 ? (p*° +§J)(Ca+na)—— Z _a_g(__x
i=1 a=m+1 «, B=m+1 7;
oIl
X (6a 4 Ma) (e + na) — 210
ane /dt = Qq (1.2)
Thus, the problem posed of the asymptotic stabilization of the steady-state motion ¢; =
const, p; = const, pg =const (i =1, ..., m; a« = m + 1, ..., n) relative

to the position coordinates and momenta ¢;, P; with the aid of generalized forces 9,
acting on the ignorable coordinates g4, is reduced to the problem of the asymptotic sta-
bilization of the trivial solution g; = &;, =M, = 0 (i =1.....m; a = m -

.+, 1) of system (1, 2) with Q. == 0 relative to q;, p; (i = 1, ..., k) with the aid
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of suitably chosen forces @, (0 = m -+ 1, ... n).

2., We consider the system
dgi/dt = Ui(gj &5 Ma)y  dE/dt = Vi(gj, & Ma) (2.1)

The forces ro are not fixed but are subject to determination, therefore, the %, in (2,1)
can be regarded as controls chosen in such a way as to asymptotically stabilize the tri-
vial solution of the system (2,1) of Zm equations being considered, If such a choice
of Mo = fu (¢:y &), fu (0, 0) = O is possible, the trivial solution of system (2,1) is
asymptotically stable under such a choice of 1}, We define forces (), by formulas

of

df, = 1 0f, @ 5
Qa == —E-t—— == Z (-&T Uri ‘{- ';)_;“‘ V1) (2‘2‘)
i=1 ' ot

The quantity 1), is determined from its own derivative to within an arbitrary constant,

therefore, , o o £ o :
Mo = fa (g &)+ Ma® — fu (0 &) 24

Here ¢;°, £;°, )" are the initial perturbations of the position coordinates, the position
momenta, and the ignorable momenta, respectively, If we assume that ¢,°, &;°, ,°

are sufficiently small (see [3], Sect, 74), the indicated choice (2,2) of forces Q) ensures
the stability of the trivial solution of system (2,1) under condition {2, 3) or, what is the

same, of the system dg. UL (g B )
Aﬁmm@mnkal‘%;“mﬁﬂm
az, o Vgl
- = Vil@5 & fa) & %‘;1—-———7;’—,}-i~— (M — 1) +
Loy PRl o oo o ,
- 2 W(na — f) (08" — [7) (2.4)

a,' B=m-1
(fa® = fa (¢:°, &°))
Indeed, according to the assumption made, system (2, 1) is asymptotically stable, while
system (2, 4) differs from system (2,1) by the presence of constantly acting perturbations
which can be made arbitrarily small along with ¢;°, §;°, s’
In order to achieve the asymptotic stability of the trivial solution of system (2, 1) we
assume that the forces,(J,, are impulsive [4], By introducing the Dirac §-function and

defining the forces acting on the ignorable coordinates by the formulas
df . o
Qu = =7+ 8 — 1) (/a" — M)
we obtain the required values of Mo = o (¢;, §&;) for the perturbations of the igno-
rable momenta, -
Let us consider the first approximation of the equations of perturbed motion

dq/dt = Lig -t Lst li b
dEjdt = Lyq — Ly*E - Fan

(2.5)

Here
q* = H.QI’ oy «vs m ”’ E* = ”El? E'?’ cney Em “

7]* == n Nora1s Vmaos oo M ”
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2 m 2 FT
L, = 2 . L,= “ _OH “
P99 s, j=1 9pi9P; [li, j=1
Lo— “ [92H_|jm PH _||m n
i aqi qu I i, j=1 ’ ” dp’L apa i==1, a=m-41
PH JIm n L L
B == || 72 : * 2l Br=|By By
;9P Hie, a=m-+1 Lg — Iy*
<

The values of the derivatives of the functions are taken at the point g; == 0, Pi = Pi>

Pa = Ca> here and subsequently the asterisk denotes transposition, The matrices L,
and L, are symmetric, therefore, the characteristic equation of system (2. 5),

Ly—\E L, ‘

det|l L r—aE

=0 (2.6)

where Z is the unit m X m matrix, does not change when A is replaced by — A and,
consequently, contains only even powers of A. This signifies that the greatest common
divisors of the / th-order minors D; (%) of the characteristic matrix of system (2, 5),
which are not identically equal to unity, have roots with nonnegative real parts, There-
fore, to achieve asymptotic stability of the trivial solution of system (2, 5) by a certain
control M, it is necessary [5] that

rank | B, LB, ..., L' B| = 2m (2.7)

But condition (2, 7) is a necessary and sufficient condition for the complete controllabi-
lity of system (2, 5) (see [4]), Thus, the question of the asymptotic stabilization of the
trivial solution of system (2, 5) coincides with the question of the complete controllabi-
lity of system (2. 5), Consequently, if the solution g = £ := { is asymptotically stabi-
lizable, the system can be led to the origin in a finite time interval and in such a way
that a certain preassigned functional is minimized on this motion [4]. For the complete
systern (2,1) condition (2, 7) can be necessary only if among the roots of Eq, (2, 6) there
are roots with positive real parts [5], Generally speaking, the addition of higher-order
terms can strengthen the stability in case rank | B, LB, ..., L*" B | < 2m, if it
exists, up to asymptotic stability, Thus, we can state the following proposition,

Theorem. In order that a certain steady-state motion ¢;=const {({ = 1, ..., m)
can be asymptotically stabilized relative to the position coordinates and position mo~
menta, ¢;. p; ,by means of forces acting on the ignorable coordinates ¢, (¢ = m -+
1, ..., m),itis sufficient that the rank of the matrix | B, LB, ...,L*"-'B I, where
matrices -3 and [, have the form (2, 5), be equal to 2m. This condition can be neces-
sary only if among the roots of Eq, (2, 6) there are roots with positive real parts,

3, As an example of the proposed method for the asymptotic stabilization of steady-
state motions of mechanical systems we consider the problem of the asymptotic stabili~
zation of the relative equilibrium positions of a gyrostat satellite by means of flywheels,
This problem is of independent interest, We assume that the center of gravity of the gyro-
stat satellite describes a circular orbit in a Newtonian force field, We examine the re-
stricted problem, neglecting the influence of the motion around the center of mass on
the motion of the center of mass, As the origin of an inertial coordinate system R3S
we take the center of attraction (J,, and as the origin of a moving coordinate system
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Oxxyz, we take the center of mass () of the satellite and we direct the axes along the
principal central axes of inertia, We introduce one more moving coordinate system (Jzyz,
whose z-axis is directed along the straightline 0,0, the T-axisis directed to the side of
motion of the center of mass along a staight line orthogonal to the 2 -axis and located

in the orbital plane, the ¥ ~axis completes the z - and z-axes to a right trihedron, The
position of the satellite's body in the orbital coordinate system (ryz is determined by
the coordinates ¢; (i = 1, 2, 3), as which we take the Euler angles ¥, 8, ¢. The
cosines of the angles between the systems Ozyz and Oz,Z.z; are given by

cos(x, ;) =y, cos(y, i) =Pi, cos{z, ;) =17;
a, == ¢0S @ cos P — sin ¢ sin P cosh

ay, = —sin@cosP —cosPsinPpcosB, oy =sinbsinP
Bi = cos@siny -+ sin pcosPcosd
By = — sin@siny + cos@cosPcosB, 3;-= —sinBcosy

Ty =sin@sind, Y, =cospsinb, 71,;=cosh

For simplicity of computation, in what follows we assume that the the gyrostat has
three rotors directed along the principal axes of inertia, The angles of rotation of the
rotors relative to the satellite's body are denoted 8 (s = 4, 2, 3). The equations of
motion of the gyrostat satellite in the Oxyz systemn, under the assumption that its cen-
ter of mass moves in a circular orbit, can be written in the form of Hamiltonian equa-

tions, where q, = \l% gy = 9) qs = ¢, ¢, = 617 qs == 62’ s = 6? (n = 6)

cospcosO . o3
H = —wo——s-i‘%—g“"‘l’l—mosmlppz—*—mo smlg Ps +

3
1 3
+ TP*AP + 5 @ 2 Ar?

s=1
Here @, is the angular velocity of revolution of the satellite along the orbit, A is the
sth principal moment of inertia of the satellite, The mawix A has the following ele-

ments: A=|ayl, ay=a (i=1,..6
hycos? @ - hysin? @ hy —hy .
= hihg sin? § ' 127 fihysin 0 S @ cos @
. cos © s .9 - sin @
Qi3 = = 7o (h1cos® @ -+ hysin? @), ayy == — TSN
e — _ _COSC o o h1sin2 @ - hacos® @
15 7 hg sin @ ' 2277 h]}!g
hy—hy . cos @ sin @
T e———— . & (7% N EaeR— .
Qa3 hyhs sin O S § cos @, Aoy hl Qg ks
1 cos? 0 2 .o sin ¢ cos @
g3 = hs + hiha sin2 Q (1 cOS* @ -1 hy £in @), @y, = hisin@
__cos@cosh P 1 4 A
a3y = hasing ’ 3 " T Ty Qg4 == ik 7 Q55 == I:hs
Az
dgg — Tk ? Qyg = Qyg ™= Qg5 — Qg = 0

hy = A, — I (s=1, 2, 3)

In these formulas [ is the moment of inertia of the sth rotor, The generalized nongra-
vitational forces Q; (i =1, 2, 3) are taken as zero in what follows, We see that the
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coordinates §; {s = 1, 2, 3) do not occur in the expression for H ,i.e,ps,3 are igno-
rable momenta, Therefore, to study the relative motions of the satellite we can make
use of Egs, (1.1} in which now m = 3. The set of relative equilibrium positions was
completely determined in [6]. We assume that 4y == A, == 4. We can show [7] that
this set is defined by the equation

Ay + As@sye + Ajogy; = 0 (3-1)

and that all the relative equilibrium positions of the gyrostat satellite fall into three
classes [8].

3.1, One of the satellite’s principal axes of inertia, say A,, is collinear with the
axis 0z ,

— (2 + 1) (k= 04), @ =su(s=0, 1), 0<<Pp < 2m

3.2, One of the satellite’s principal axes of inertia,say A, is collinear with the
axis O,
p=kn(k=0 1, g=sn(s=0,1), 0<b<n

3.3. None of the satellite’s principal axes of inertia s collinear with the axes of
the orbital coordinate system ,

M |- sin?
Ctg\p: —S-i—l{{(pc——-—ﬁcose, M— H(X{]’I%O
=1
In the case being considered the reduced potential energy (the Routh potential) W
[1, 9] has the form [9]
2

3
— W = (1)0- ZISBS - _'(’)022‘4373 +m02p3+385_—12‘21)3;3

szl sz s=1 ¥

The quantities V¥, 9, P, Cor3{s = 1, 2, 3) must satisfy the equations

W

0\1) = mg? Z hBas 4 0o Z Copalls = 0

s=1

— ?ﬂ = — Wyl cos ¢ 2 R B.ys — 3wo? sin B cos B (4, cos® ¢ | A, cos® ¢ — Az) —

s==}

3
— 0 COS P ) Corg¥s =0

s=1

— %Ig' = 28,8, (Jt; — ha) — 30 (A — A3) 11Tz + o (csBs —csB)) =0
From these equations, taking 3,1 into account, we obtain the following expressions for
cS+3 . 3
Wy gy = (X — hs)Bs —ays, a=3 z AvBs

§==]
(s=1,2,3)
In these formulas X is an arbitrary parameter and, consequenly, the constant values of
the ignorable momenta ¢;,; (s = 1, 2, 3) are determined nonuniquely at any relative
equilibrium position,
In the problem being examined the matrices L,, L,, L3, B have, as can be shown,
the following elements:
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Ly=|Uil Lo =|El (= 1)

13~||lh|| (lk—l i) :”blybzvbs”:[lbmn
(G k=1,2,3 s=1,...,6)
I)' = @psiny  otgh, [ = oy, [cos‘P —X SC:):_\IJ (Sm L+ o ¢ )]
It = —ogcosP, Ip!=w, -%—S—l—ngﬁ——sm ¢pcos @ (acosO 4 xsiny)
Iyt = — o "S:T?l‘%, I3t = g coss?nioesw (szcp + COSZ >
l131=(ﬂo[:ﬁlg + sir)ft) (Bgshilu(p — Bl(‘l;)zSCP >+asmq>cos(P< Ta ‘}‘i—ﬂ

Lt = mo[—coswcoseu‘ X(B»coscp 4B, smzqJ )—asin()(m::(p sin‘i@)J
l331:w0[—- costmtp —{—xctg(?(&cosq) _ BZSi“‘P\)__IH

sin @ ™
. 1 1
-+ acosBsingcos ¢
h h)
Ry cos® @ - hasin® @ By —
2 __ o h—h
* = hihs sin 6 ’ lig* = Tahizsin 6 sin ¢ cos @
o cosd .
bt = Riha SinZ 0 (hy cos® ¢ - hy sin® @)
L2 — hysin? @ - hsycos? @
2o Tl
2 ]1,1 h
l23 = Thhasing sin ¢ cos ¢ cos 0
1 cos® 0 )
o 4, cos’ ) \
ba® = Iis ' Mhasin® 0 (hy cos® @ + hy sin® @)
1,3 = — 02, I® = 0yl (sin i cosPctg Oy — asin P), 1t =0
3 __ 32 cos® Y [ sin @ L cos? @ . .
b’ = — o ‘:siu2 0 < ) X eost b+
3c0s 20 (A, sin? g + A4, cos® ¢ — Aj)]
5 gpfcosy [cos@Bi  sing 132> 2 o
by’ = Vo {sin@ ( h h1 X
siny cos\p . 1
{‘“"‘W%»asm@coscpcosw(h hz):\x+

G sin g cos ¢ sin®cos (4; — Az)}

1333:——(002{<Bh + Bl)x “[1_”[33 —[—2 <B’Y‘)‘* B]TlﬂX“‘
aByTs - a ( AR T;) - 3sin® 0cos 2 (4; — Ay)}

Yo l_

o sin @ o cos, @ boy = cos @

biy == hysin® ’ brz == hzsing ' 3 hy
[ sin @ bt — sin @ cos 0 - cos ¢ cos 0
27 T 8T T asin® 0 U hesin®
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. 1 o o Sin @ cos P _ ®g COS P cOS P
hag = — hs ! b“ =TT msme X byp = — hosin® L
[OT]6 2] Woa (DoB]
by = — —— Y2+ —— OB bgy = —— 11— T

byg = b23 = byy = byp = b,z = byg = bg3 = 0

If a certain relative equilibrium position of the satellite proves to be stabilizable, then,
according to Sect, 2, this signifies that by rotating the rotors in a suitable manner we can
achieve the asymptotic stability of the relative equilibrium position being considered,

In other words, any sufficiently small perturbations of the relative equilibrium point be-

ing stabilized can be "damped"” by moments applied to the flywheels and the system led
to an equilibrium state in a finite time interval, The possibility of asymptotic stabiliza-
tion of the given stationary point is determined by the rank of the matrix

C=|B,LB,...,L°B|
Let us investigate the rank of matrix ' on families 1 and 2, For points of family 1

we have det | by, by by, Lby, L?by, Lby| =

—+ 27_/“;”W_ cos P (A; — Ay) (A, — Ag)?

det by, by by, Lby, L?bs, Lb,| =

427

+ WSIH‘P(A1~A) (4, — A43)

We have either siny == 0 or cos{p == 0, therefore, all stationary points of family

1, which can be represented geometrically as a rotation through an arbitrary angle around
one of the satellite's principal axes of inertia, collinear with axis (Jz, can be made asym-
ptotically stable by moments applied to the flywheels, At points of family 2

det ” bly b27 b31 Lbl, L2b17 Lb3" -

9 7

i sin 0 cos? 20 (A — Ag) (d; — Ag)?
Thus, all relative equilibrium positions of family 2, which are obtained one from the other
by a rotation through an angle 0 around the axis Ou,, collinear with the axis Oz, can
be asymptotically stabilized by moments applied to tne flywheels, except for the cases
® = 7/ 4, 3n/ 4. We can show that in these cases the rank of matrix ¢ equals four
and, consequently, the points 8 = m / 4, 3n / 4 are uncontrollable, The possibility
of stabilizing them is determined by terms of higher than the first order of smallness,
since when c0s28 = () the matrix L has, as can be shown after cumbersome calcula-
tions, five eigenvalues with nonnegative real parts and the spectrum of the 4 X4 mat-
rix (), indicated in [10], cannot contain all of them,

The author thanks V, V,Rumiantsev for posing the problem and for discussing the paper.
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We consider the game problem of the encounter of a conflict-controlled phase
point with a given set, We prove sufficient conditions for the successful com-
pletion of a nonlinear game of encounter, These conditions are based on the
idea of minimax extremal aiming [1], The given aiming is realized here on
the basis of absorption sets [2]. These sets are constructed with the aid of
auxiliary motions generated by program controls which are represented by suit«
able Borel measures in accordance with the well known techniques [3] of gene-
ralized solutions of ordinary differential equations,

1, Statement of the problem, We consider a controlled system described
by the vector differential equation
i=7f( z u, ) (1.1)

Here & is the system’'s n-dimensional phase vector; & and v are r-dimensional vector
controls of the first and second players, respectively, constrained by the conditions u &
P, ve= @, where P and @ are bounded closed sets, The function f (£, 2, u, V) is
assumed continuous for all argument values to be considered and satisties a Lipschitz
condition in x in every bounded region of the space {x}. Furthermore, the following
conditions for the continuability of the solutions x {t! for Eq, (1,1) are assumed to be
fulfilled, Let £ (t, 2) = co®* {f (¢, x, u, v): u e P, v = Q), where co* {f}



